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Abstract
Symmetries are defined in histories-based theories paying special attention
to the class of history theories admitting quasitemporal structure (a general-
ization of the concept of ‘temporal sequences’ of ‘events’ using partial semi-
groups) and logic structure for ‘single-time histories’. Symmetries are clas-
sified into orthochronous (those preserving the ‘temporal order’ of ‘events’)
and nonorthochronous. A straightforward criterion for physical equivalence
of histories is formulated in terms of orthochronous symmetries; this crite-
rion covers various notions of physical equivalence of histories considered by
Gell-Mann and Hartle as special cases. In familiar situations, a reciprocal
relationship between traditional symmetries (Wigner symmetries in quantum
mechanics and Borel-measurable transformations of phase space in classical
mechanics) and symmetries defined in this work is established. In a restricted
class of theories, a definition of conservation law is given in the history lan-
guage which agrees with the standard ones in familiar situations; in a smaller
subclass of theories, a Noether type theorem (implying a connection between
continuous symmetries of dynamics and conservation laws) is proved. The
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formalism evolved is applied to histories (of particles, fields or more general
objects) in general curved spacetimes. Sharpening the definition of symmetry
so as to include a continuity requirement, it is shown that a symmetry in our
formalism implies a conformal isometry of the spacetime metric.
Contents
I Introduction 3
II Histories-based generalized quantum mechanics 11
A More about partial semigroups . . . . . . . . . . . . . . . . . . . . . . . . 11
B The augmented temporal logic formalism . . . . . . . . . . . . . . . . . . 12
III Symmetries in histories-based generalized quantum mechanics 17
A Symmetries in the Houtappel et al. approach . . . . . . . . . . . . . . . . 17
B Symmetries in the augmented temporal logic formalism . . . . . . . . . . 18
C Symmetries in general quasitemporal theories and in Isham-Linden type
theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
IV Traditional vs. temporal logic descriptions of symmetries in nonrela-
tivistic quantum mechanics 24
A The HPO formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
B Symmetries in traditional quantum mechanics in the HPO formalism . . . 25
C Recovering Wigner symmetries from those in the temporal logic formalism 29
V Traditional vs. temporal logic descriptions of symmetries in classical
mechanics 30
VI Physical equivalence of histories 33
VII Conservation laws 35
2
VIII Connection between symmetries and conservation laws in Hilbert
space-based theories 38
IX Histories in curved spacetimes 41
A Quasitemporal structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
B Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
X Concluding remarks 46
APPENDIXES 48
A Proof of the commutation of K(., .) with A. 48
B Construction of topology for the space of temporal supports con-
structed in section IX 49
I. INTRODUCTION
Back in the mid-sixties, Houtappel, Van Dam, and Wigner [1] presented a general treat-
ment of geometric invariance principles (i.e. those invariance principles which correspond to
transformations between equivalent reference frames) in classical and quantum mechanics in
terms of the primitive elements of a physical theory. These primitive elements were observa-
tions or measurements and their results. To describe the correlations between observations,
they employed the conditional probabilities Π(A|B) where A = (α, rα; β, rβ, · · · ; ǫ, rǫ) rep-
resented a set of measurements α, β, . . . , ǫ (at times tα, tβ, · · · , tǫ) with respective outcomes
rα, rβ, · · · , rǫ and similarly B = (ζ, rζ; η, rη; . . . ; ν, rν); the quantity Π(B|A) represented the
probability of realization of B, given A. (We have changed the notation in [1] from Π(A|B)
to Π(B|A) to bring it in correspondence with standard usage in probability theory.) The
ordering of times (tα, tβ, · · · , tǫ, tζ , tη, . . . , tν) was arbitrary and all measurements referred
to external observers. The conditional probabilities Π(B|A) are quite general and can be
employed in classical as well as quantum mechanics.
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The idea of addressing fundamental questions in physics in a general formalism employing
only primitive elements of physical theory is an attractive one. In the past one and a half
decade, it has been pursued employing ‘histories’ which are closely related to the Π-functions.
In the history version of quantum theory, a history of a system S is a time-ordered sequence
of ‘events’
α = (αt1 , αt2 , . . . , αtn) t1 < t2 < . . . < tn (1)
where αti are the Schro¨dinger picture projection operators. In traditional quantum mechan-
ics [assuming, as usual, that the projections in Eq. (1) represent measurements by external
observers] the probability of the history (1) is given by
P (α) = Tr
[
Cαρ(t0)C
†
α
]
(2)
where
Cα = αtnU(tn, tn−1)αtn−1 . . . αt2U(t2, t1)αt1U(t1, t0), (3)
U(t, t′) = exp [−iH(t− t′)/h¯] is the evolution operator and ρ(t0) is the initial density oper-
ator at a time t0 < t1.
Griffiths and Omnes [2–6] have proposed an interpretive scheme for traditional quantum
mechanics in which the Hilbert space based mathematical formalism is retained, the reduc-
tion postulate is discarded and Eq. (2) is interpreted as the probability for the history (1)
for a closed system S (no external observers). As all the probabilities employed are classical,
the probability assignment can be made only for histories satisfying appropriate ‘consistency
conditions’ (or ‘decoherence conditions’) ensuring the absence of quantum mechanical inter-
ference in the relevant family of histories. For certain pairs of histories α, β with α as in Eq.
(1) and β = (βt1 , . . . , βtm) with the same initial state ρ(t0), the decoherence condition takes
the form
Re[d(α, β)] = 0, (4)
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where the so-called decoherence functional d(α, β) is given by
d(α, β) = Tr[Cαρ(t0)C
†
β]. (5)
Note that
P (α) = d(α, α). (6)
In histories-based theories, one takes, following the ideas of Gell-Mann and Hartle [7–9],
histories as the basic objects. In these theories, the time sequences employed in the de-
scription of histories like (1) serve only for book-keeping; the properties of time t as a real
variable are not used. The mathematical structure which correctly describes the book-
keeping in histories-based theories and also makes provision for useful generalizations of the
concept of time is that of a partial semigroup [10].
A partial semigroup (psg) is a nonempty set K (whose elements will be denoted as
s, t, u, . . . ) in which a binary operation ◦ between certain pairs of elements is defined such
that (s ◦ t) ◦ u = s ◦ (t ◦ u) whenever both sides are well-defined. A homomorphism of a psg
K into another psg K′ is a mapping σ : K → K′ such that, for all s, t ∈ K with s ◦ t defined,
σ(s) ◦ σ(t) is also defined and
σ(s ◦ t) = σ(s) ◦ σ(t). (7)
If σ is invertible, it is called an isomorphism (automorphism if K′ = K). The terms antiho-
momorphism, anti-isomorphism and antiautomorphism are similarly defined with the order
of terms on the right in Eq. (7) reversed.
The partial semigroups involved in the book-keeping of histories in quantum mechanics
are K1 and K2 defined as follows. We have
K1 = {finite ordered subsets of R}.
A general element t ∈ K1 is of the form
t = {t1, t2, . . . , tn}; t1 < t2 < . . . < tn. (8)
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If s = {s1, s2, . . . , sm} ∈ K1 such that sm < t1, then s ◦ t is defined and
s ◦ t = {s1, s2, . . . , sm, t1, t2, . . . , tn}. (9)
We adopt the convention [14]
{t1} ◦ {t1} = {t1}. (10)
With this convention, we have s ◦ t defined for sm ≤ t1. Note that elements of K1 admit
irreducible decomposition of the form
t = {t1} ◦ {t2} ◦ · · · ◦ {tn}. (11)
Elements {ti} which cannot be further decomposed are called nuclear.
The other psg K2 consists of histories as its elements. For α = {αs1, αs2, . . . , αsm} and
β = {βt1 , βt2 , . . . , βtn} with sm < t1, α ◦ β is defined and is given by
α ◦ β = {αs1, αs2, . . . , αsm, βt1 , βt2 , . . . , βtn}. (12)
There is a homomorphism σ from K2 onto K1 given by
σ(α) = s, σ(β) = t, σ(α ◦ β) = s ◦ t. (13)
The triple (K2,K1, σ) defines a quasitemporal structure (a pair of psg’s with a homomorphism
of one onto the other). Note that, given a single time element {t1} ∈ K1, the space (K2)t1 =
σ−1{t1} is the set P(H) of projection operators in the quantum mechanical Hilbert space H
of the system; in the framework of quantum logic [11,12], these projection operators represent
single-time propositions. The space P(H) constitutes a logic in the sense of Varadarajan [12].
The concept of quasitemporal structure is a generalization of the idea of histories as
temporal sequences of ‘events’. With suitably chosen psg’s (employing light cones etc.) this
concept serves to provide a framework general enough to accommodate history versions of
quantum field theories in curved space-times [10].
Taking clue from the traditional proposition calculus where single-time propositions are
the basic entities, Isham suggested that histories must be treated as (multi-time or more
6
general) propositions. He evolved a scheme of ‘quasitemporal theories’ in which the basic
objects were a triple (U , T , σ) defining a quasitemporal structure. The space U was called
the ‘space of history filters’ and was assumed to be a meet semilattice with the operations
of partial order ≤ (coarse graining) and a meet operation ∧ (simultaneous realization of two
histories). The space T was called the ‘space of temporal supports’. To accommodate the
operation of negation of a history, he proposed that the space U be embedded in a larger
space Ω called the ‘space of history propositions’ (denoted as UP in [10] and [13]). This larger
space was envisaged as having a lattice structure. Decoherence conditions and probabilities
of decoherent histories were to be defined in terms of decoherence functionals [see Eqs. (4)
and (6) above] which were complex valued functions satisfying the standard four conditions
of hermiticity, positivity, bilinearity and normalization. [See Eqs. (24-a)-(24-d) below.]
A more general scheme was later proposed by Isham and Linden [13] in which the ba-
sic objects were the two spaces (Ω,D) where Ω (the space of history propositions) was
assumed to be an orthoalgebra incorporating a partial order ≤ (coarse graining), a disjoint-
ness relation ⊥ (mutual exclusion), a join operation ⊕ (‘or’ operation for mutually exclusive
propositions), and a few other features. The space D was the space of decoherence function-
als satisfying the above mentioned properties. The quasitemporal theories are a subclass of
this general class of theories.
In a recent paper [14] we have presented axiomatic development of dynamics of systems
in the framework of histories which contains the history versions of classical and traditional
quantum mechanics as special cases. We considered theories which admit quasitemporal
structure (U , T , σ) in the sense explained above. We assumed that the spaces Uτ = σ−1({τ})
for nuclear elements {τ} ∈ T (the spaces of single time propositions) have the structure of a
logic. Isomorphism of Uτ ’s (as logics) at different τ ’s was not assumed. This generality gives
the formalism additional flexibility so as to make it applicable to systems whose empirical
characteristics may change with time; for example, the Universe. Using the logic structure
of Uτ ’s, a larger space Ω - the space of history propositions was explicitly constructed and
shown to be an orthoalgebra as envisaged in the scheme of Isham and Linden; its subspace
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U˜ representing ‘homogeneous histories’ (which is obtained from U after removing some re-
dundancies) was shown to be a meet semilattice as envisaged in the scheme of Isham [10].
Explicit expressions for decoherence functionals were given for the Hilbert space based the-
ories with Uτ = P(Hτ ) (the lattice of projection operators in a separable Hilbert space Hτ )
and for classical mechanics.
The present work is devoted to a systematic treatment of symmetries and conservation
laws in histories-based theories. We choose the above mentioned formalism for a detailed
treatment of symmetries since the mathematical structure of this formalism facilitates treat-
ment of some detailed features of symmetry operations in history theories. Following the
general idea of defining symmetries as structure-preserving invertible mappings in appro-
priate mathematical framework [15], we define a symmetry as a triple Φ = (Φ1,Φ2,Φ3) of
invertible mappings (Φ1 : T → T ,Φ2 : U → U , and Φ3 : D → D) preserving the quasitem-
poral structure, the logic structure of single ‘time’ propositions, the decoherence condition
and the probabilities of histories (section III). A natural classification of symmetries as
orthochronous and non-orthochronous appears.
From our definition of symmetry in the formalism of [14] it is clear how symmetries are to
be defined in general quasitemporal theories and, more generally, in the Isham and Linden
scheme. A good example in this context is the work of Schreckenberg [16] who has considered
symmetries in the subclass of Isham-Linden type theories treated by Isham, Linden, and
Schreckenberg [17].
In sections IV and V we consider the (history versions of) traditional quantum mechanics
and classical mechanics respectively. In these cases, we establish a reciprocal relationship be-
tween symmetries defined here and symmetries of the formalism of traditional sort - Wigner
symmetries in quantum mechanics and Borel measurable transformations of the phase space
in classical mechanics (the latter are the natural structure preserving transformations in
classical mechanics in the framework of logics).
Gell-Mann and Hartle [18] have considered several notions of physical equivalence of
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histories in the quantum mechanics of closed systems. Using the concept of orthochronous
symmetries we obtain an economic formulation of the concept of physical equivalence of
histories which covers all these notions as special cases (section VI).
It is of some interest to treat conservation laws in the framework of histories. To admit
the possibility of defining conservation laws, the formalism must permit comparison of ob-
servations at different ‘times’; it follows that conservation laws can be defined only if the
spaces of single ‘time’ propositions, Uτ ’s at various instants of ‘time’ are mutually isomor-
phic. We first give, in section VII, a straightforward definition of conservation law in terms
of temporal evolution described by mappings between pairs of Uτ ’s. It is then translated
into a (supposedly equivalent) definition in terms of decoherence functionals. The equiva-
lence of the two definitions is verified in (history versions of) traditional quantum mechanics
and classical mechanics. We do not consider the deeper question of the conservation of
an observable in histories involving ‘events’ relating to other observables as well and the
constraints implied by such conservation. Such questions have been considered by Hartle et
al. [19] in the context of the Hilbert space quantum mechanics (of closed systems). That
work employs a definition of conservation law somewhat different from ours; this is briefly
discussed in section VII.
In any scheme of mechanics, one expects a general connection between continuous sym-
metries of dynamics and conservation laws. The most famous result of this type is the
Noether’s theorem in Lagrangian dynamics [20,21]. In our formalism, the twin requirements
of an explicit expression for the decoherence functional and interpretation of the infinites-
imal generators of a symmetry in terms of observables restricts the possibility of proving
such a theorem only for the Hilbert space based theories in which the Hilbert spaces Hτ
corresponding to various nuclear τ are naturally isomorphic. A theorem showing that, in
such theories, a continuous symmetry implies a conservation law is proved in section VIII.
The commutation of the evolution operator and the generator of symmetry transformation,
which is used in the above theorem, is shown in appendix A.
In section IX, we consider, in some detail, histories (of particles, fields or more general
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objects) in general curved spacetimes. In spacetimes permitting foliation in spacelike hyper-
surfaces, the parameter labeling the leaves of foliation plays the role of time. Discrete values
of the same parameter can be employed for book-keeping of histories [22]. Basic concepts
relating to the treatment of histories of quantum fields in general spacetimes were devel-
oped by Hartle [8] and Sorkin [23] who employed averages of fields over spacetime regions
as basic observables. A temporal order was defined on a causally consistent family of space-
time regions (i. e. a family having no pair of regions in which one region intersects both
the future and the past of the other). Appropriate families of such regions served as ‘time
points’ in the description of field histories. Isham translated these ideas in the language of
partial semigroups leading to a quasitemporal structure (U , T , σ) for such theories. Given a
spacetime (M, g), he defined a temporal support as a collection of (four dimensional) ‘basic
regions’ with appropriate temporal relation. This involves a relation, ≺, defined as follows:
Given subsets A and B of M , A ≺ B (A ‘temporally precedes’ B) if
A ∩ B = φ, J+(A) ∩B 6= φ, J+(B) ∩A = φ. (14)
Here J+(A) is the causal future of A (i. e. the set of points in M that can be reached from
A by future directed non-spacelike curves).
We note that the temporal supports employed by Blencowe [finite ordered sequences
of (subsets of) spacelike hypersurfaces] cannot be considered as a subclass of the temporal
supports as defined by Isham because the latter employ four-dimensional basic regions. From
a theoretical point of view, the use of four-dimensional regions is more satisfying because it
makes provision for finite spatio-temporal localization of ‘events’; however it is quite often
convenient and useful to work with idealized ‘time points’ (which means, in the present
context, three or lower dimensional basic regions). In section IX we give the construction
of the space of temporal supports employing such idealized ‘time points’; it can be used to
generalize Blencowe’s treatment of field histories to general spacetimes. The quasitemporal
structure is chosen so as to conform to the conventions of [14]. This necessitates, apart from
the replacement of four dimensional basic regions by three (and lower) dimensional basic
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regions, a modification of the temporal order relation (14) of Isham [see Eq. (89) below].
In the treatment of symmetries, we impose the condition of continuity on the mappings
mentioned above; this is done by taking the spaces U and T to be topological partial
semigroups. We concentrate on the mapping Φ1 : T → T (which is a part of definition of
a symmetry), construct a topology for T explicitly (appendix B) and show that, with the
continuity requirement imposed, the mapping Φ1 induces a transformation of the spacetime
M which is a conformal isometry of the metric g.
The last section on concluding remarks includes, among others, a detailed comment on
the histories-based theories characterized as theories describing dynamics of systems in terms
of primitive elements of physical theory.
II. HISTORIES-BASED GENERALIZED QUANTUM MECHANICS
In this section, we shall recapitulate some essential points from [14].
A. More about partial semigroups
A unit element in a psg K is an element e such that e ◦ s = s ◦ e = s for all s ∈ K. An
absorbing element in K is an element a such that for all s ∈ K, a ◦ s = s ◦ a = a. A psg may
or may not have a unit and/or absorbing element; when either of them exists, it is unique.
In a psg, elements other than the unit and the absorbing elements are called typical. If a
psg K has a unit element e and/or an absorbing element a and if there is a homomorphism
σ from K onto K′, then K′ must correspondingly have a unit element e′ and/or an absorbing
element a′ such that
σ(e) = e′, σ(a) = a′. (15)
We call a psg K directed if, for any two different typical elements s, t in K, when s ◦ t is
defined then t ◦ s is not defined. The psg’s K1 and K2 introduced in section I are directed.
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In a theory with a quasitemporal structure, the concept of direction of flow of ‘time’ can be
introduced by taking the two psg’s to be directed.
The concept of ‘point of time’ gets replaced in the psg setting by that of a nuclear
element. The nuclear elements of K1 are, indeed, points of time. [See Eq.(11).] In K2, the
nuclear elements are of the form {αt} representing single time history propositions. The set
of nuclear elements in a psg K is denoted as N (K). Clearly N (K1) = R, the set of real
numbers.
A psg is called special if its typical elements admit semi-infinite irreducible decomposi-
tions [modulo redundancies implied by the convention (10)]. The psg’s K1 and K2 are the
trivial examples of special psg’s. A nontrivial example is the psg K3 whose elements are
ordered subsets of R which are at most countably semi-infinite (with elements of the form
s = {s1, . . . , sn}, s
′ = {s1, s2, . . . }, s
′′ = {. . . , s−1, s0}) with composition rule a straightfor-
ward extension of that of K1 [14].
B. The augmented temporal logic formalism
The axiomatic development of generalized quantum mechanics of closed systems [14] is
structured around five axioms A1, . . . , A5.
A1: (Quasitemporal Structure Axiom): Associated with every dynamical system is a
history system (U , T , σ) defining a quasitemporal structure as described in section I.
The psg’s U and T are assumed to be special and satisfy the relation
σ [N (U)] = N (T ). (16)
Elements of U (history filters) are denoted as α, β, . . . and those of T (temporal supports)
as τ, τ ′, . . . . If α ◦ β and τ ◦ τ ′ are defined, we write α ✁ β (α precedes β) and τ ✁ τ ′ (τ
precedes τ ′).
A2: (Causality Axiom): If α, β, . . . , γ ∈ N (U) are such that α ✁ β ✁ . . . ✁ γ with
σ(α) = σ(γ) then we must have α = β = . . . = γ.
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In essence this axiom forbids histories corresponding to ‘closed time loops’. From these two
axioms we can prove that the psg’s U and T are directed and some other useful results.
A3: (Logic Structure Axiom): Every space Uτ = σ−1(τ) for τ ∈ N (T ) has the structure
of a logic as defined in Varadarajan [12].
The remaining two axioms will be stated after outlining a few constructions using the
above axioms.
We do not assume isomorphism of Uτ ’s (as logics) for different τ ’s. Every Uτ has two
distinguished elements 0τ (the null proposition) and 1τ (the unit proposition) such that 0τ ≤
α ≤ 1τ for all α ∈ Uτ . For a typical α ∈ U , we define supp(α) (called the temporal support of
α) as the unique collection of elements of N (T ) appearing in the irreducible decomposition
of σ(α). For any τ ∈ supp(α), the nuclear element in the irreducible decomposition of α
projecting onto τ under σ is denoted as ατ .
The possible presence of 0τ ’s and 1τ ’s in irreducible decompositions causes some redun-
dancy which needs to be removed. We call an α ∈ U a null history filter if ατ = 0τ for at
least one τ ∈ supp(α); we call it a unit history filter if ατ = 1τ for all τ ∈ supp(α). All the
null history filters are physically equivalent (they represent absurd histories) as are all unit
history filters (which represent the trivial histories involving propositions which are always
true). We remove the redundancy by introducing an equivalence relation in U such that
all null history filters are treated as equivalent and so are all non-null filters with the same
reduced form (the form obtained by deleting the redundant 1τ ’s in the irreducible decompo-
sition). We denote the equivalence class of α ∈ U by α˜. The set U˜ of the equivalence classes
in U inherits a psg structure from U . In this psg, the equivalence class 0˜ of all null history
filters acts as an absorbing element and the equivalence class 1˜ of all unit history filters acts
as the unit element.
A psg T˜ is constructed from T in a similar fashion. The typical elements of T˜ and
the homomorphism σ˜ : U˜ → T˜ (restricted to typical elements of U˜) is obtained by defining
τ˜ = σ˜(α˜) to be the reduced temporal support obtained from τ = σ(α) (for any representative
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α of α˜) by deleting those elements which are images under σ of the redundant 1τ ’s in the
irreducible decomposition of α. The unit element e˜ and the absorbing element a˜ are defined
as
e˜ = φ [the empty subset of N (T )], a˜ = N (T ) (17)
and the homomorphism σ˜ is extended to include the relations
σ˜(1˜) = e˜, σ˜(0˜) = a˜. (18)
Defining, for any α˜ ∈ U˜ , supp(α˜) = σ˜(α˜) [considered as a subset of N (T˜ ) = N (T )], we have
supp(1˜) = φ, supp(0˜) = N (T ). (19)
Using irreducible decompositions and the logic structure on Uτ ’s one can define (in an
intuitively suggestive manner) partial order (≤), disjointness (⊥), disjoint join operation (⊕),
and meet operation (∧) in U˜ . The structure (U˜ ,≤,∧) is a meet semilattice as envisaged
in Isham’s scheme [14]. It is the triple (U˜ , T˜ , σ˜) [and not the original (U , T , σ)] which
corresponds to the triple in [10].
The embedding of U˜ in a larger space Ω of history propositions is realized as follows. We
define Ω to be the space of at most countable collections of mutually orthogonal elements of
U˜ such that the union of temporal supports of any finite subcollection of them is orientable.
(A subset A of a psg K is said to be orientable if it is at most countable and if there exists
an ordering of elements of A such that composition of every pair of consecutive elements is
defined.) We denote elements of Ω as α, β, . . . . The space Ω has a null element 0 = {0˜} and
a unit element 1 = {1˜}. Elements of Ω other than 0 and 1 are called generic.
In Ω, we can define the operations of partial order (≤), disjointness (⊥), disjoint join
operation (⊕) and show that, with these operations, it is an orthoalgebra (as envisaged in
the scheme of Isham and Linden). A general element α = {α˜(1), α˜(2), . . . } of Ω can also be
represented as
α = {α˜(1)} ⊕ {α˜(2)} ⊕ · · · (20)
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A collection {α, β, . . . } of mutually disjoint elements of Ω is said to be complete (or exhaus-
tive) if
α⊕ β ⊕ · · · = 1. (21)
The logic structure of Uτ ’s permits us to introduce a space S(τ) of states and a space
O(τ) of observables at ‘time’ τ as in the traditional proposition calculus. A state at ‘time’
τ ∈ N (T ) is a generalized probability on Uτ , i.e. a map pτ : Uτ → R such that (i)
0 ≤ pτ (α) ≤ 1 for all α ∈ Uτ , (ii) pτ (0τ ) = 0, pτ (1τ) = 1 and (iii) it is countably additive in
the sense that, given a sequence α1, α2, . . . of pairwise disjoint elements in Uτ , we have
pτ (∨iαi) =
∑
i
pτ (αi). (22)
An observable at ‘time’ τ is a map Aτ : B(R) → Uτ [where B(R) is the σ-algebra of Borel
subsets of R] such that (i) Aτ (φ) = 0τ , Aτ (R) = 1τ , (ii) given disjoint sets E, F in B(R),
we have Aτ (E) and Aτ (F ) disjoint in Uτ ; (iii) if E1, E2, · · · is a sequence of pairwise disjoint
sets in B(R), we have
Aτ (∪kEk) =
∨
k
Aτ (Ek). (23)
We can now state the last two axioms.
A4:(Temporal Evolution) : The temporal evolution of a system with history system
(U , T , σ) is given, for each pair τ, τ ′ ∈ N (U) such that τ ✁ τ ′, by a set of mappings
V (τ ′, τ) of Uτ onto Uτ ′ , which are logic homomorphisms (not necessarily injective) and
which satisfy the composition rule V (τ ′′, τ ′)·V (τ ′, τ) = V (τ ′′, τ) whenever τ✁τ ′, τ ′✁τ ′′
and τ ✁ τ ′′.
A5(a):(Decoherence Functionals): Given a state p0 ∈ S(τ0) for some τ0 ∈ N (T ) and
a law of evolution V (τ ′, τ), we have a decoherence functional d = dp0,V which is a
mapping from (a subset of) Ω× Ω into C such that
(i) d(α, β)∗ = d(β, α) (hermiticity) (24-a)
(ii) d(α, α) ≥ 0 (positivity) (24-b)
15
(iii) If α, β, · · · is an at most countable collection of pairwise disjoint elements of Ω,
we have
d(α⊕ β ⊕ · · · , γ) = d(α, γ) + d(β, γ) + · · ·
(countable additivity)
(24-c)
(iv) d(1, 1) = 1 (normalization). (24-d)
The space of decoherence functionals is denoted as D. In the case of Hilbert space based
theories and classical mechanics, explicit expressions for decoherence functional dp0,V are
given in [14].
A complete set C of history propositions is called (weakly) decoherent (or consistent)
with respect to a decoherence functional d if
Re[d(α, β)] = 0, α, β ∈ C, α 6= β. (25)
A5(b):(Probability Interpretation): The probability that a history α in a complete set
C which is decoherent with respect to a decoherence functional d is realized is given
by
P (α) = d(α, α). (26)
For α, β ∈ C, we have the classical probability sum rule:
P (α⊕ β) = d(α⊕ β, α⊕ β)
= d(α, α) + d(β, β) + 2Re d(α, β)
= P (α) + P (β), (27)
and recalling Eq.(21)
1 = d(1, 1)= d(α⊕ β ⊕ · · · , α⊕ β ⊕ · · · )
=
∑
α∈C
P (α). (28)
16
III. SYMMETRIES IN HISTORIES-BASED GENERALIZED QUANTUM
MECHANICS
We shall start with a quick look at the paper by Houtappel et al. [1].
A. Symmetries in the Houtappel et al. approach
Houtappel et. al define an invariance transformation as an invertible mapping
α↔ α, β ↔ β, · · · (29)
(recall that the symbol α implicitly includes the time tα of the measurement α) which leaves
the conditional probabilities (Π-function) invariant:
Π(ζ, rζ; . . . | . . . ; ν, rν) = Π (ζ, rζ; . . . | . . . ; ν, rν) . (30)
Houtappel et al. explored some consequences of this definition in the classical (Newto-
nian) mechanics of point particles, relativistic mechanics of point particles, and in quantum
theory. From our point of view, the main result in the paper is the generalization of Wigner’s
theorem given below. In the statement of this theorem, the symbol α of Eq. (29) repre-
sents a decision measurement (Yes-No Experiment) denoted by a pair (Pα, tα) where Pα is
a 1-dimensional projection operator and tα is the time of measurement.
Generalized Wigner’s Theorem: A mapping of decision measurements onto decision mea-
surements (Pα, tα → P α, tα) leaves the Π-function invariant if and only if the following two
conditions apply:
(a) Pα = UPαU
−1 where U is a unitary or antiunitary operator mapping bijectively coher-
ent subspaces (of the quantum mechanical Hilbert space H of the system in question)
onto coherent subspaces.
(b) The time order of measurements is either preserved or reversed by the mapping.
We draw two conclusions from the foregoing:
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(i) Invariance of diagonal elements d(α, α) [see Eqs. (26), (30)] of decoherence functionals
must be a part of our definition of symmetry (or an implication of it).
(ii) One should generally expect a two-way connection between Wigner-type symmetries
and symmetries defined in the language of histories.
It is of some relevance here to note the distinction between symmetries of the formalism
(unitary/antiunitary transformations in quantum mechanics and canonical transformations
in classical mechanics) and symmetries of dynamics (subclass of symmetries of the for-
malism leaving the Hamiltonian invariant). Not every symmetry of the formalism need
be a symmetry of some given Hamiltonian. For example, the parity operator P given by
(Pf)(x) = f(−x) is a unitary operator in L2(R); however, PHP−1 6= H forH = − ∂
2
∂x2
+sin x.
An interesting point to note in the theorem stated above is that the invariance condition
does not imply a symmetry of dynamics contrary to what one might intuitively expect. (Af-
ter all, histories or the Π-functions are supposed to contain all information about dynamics.)
This can also be seen explicitly by having a closer look at Eq. (2) for d(α, α). A
common unitary transformation on all the ingredients -the initial density operator ρ(t0), the
projectors αtj and the evolution operators U(tj , tk) - leaves d(α, α) invariant [in fact it leaves
d(α, β) of Eq. (5) invariant]; it does not have to leave the Hamiltonian invariant to achieve
this.
B. Symmetries in the augmented temporal logic formalism
We shall use the following notations:
S = (U , T , σ) (History System),
S˜ = (U˜ , T˜ , σ˜) (Standardized History System),
(S) = (U , T , σ,Ω,D) (Augmented History System).
We define a morphism from S into S’ as a pair Φ = (Φ1,Φ2) of mappings such that
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(i) Φ1 : T → T ′ is a psg homomorphism or antihomomorphism, i.e. it satisfies either (a)
or (b) below.
(a) τ1 ✁ τ2 implies Φ1(τ1)✁ Φ1(τ2) and
Φ1(τ1 ◦ τ2) = Φ1(τ1) ◦ Φ1(τ2). (31-a)
(b) τ1 ✁ τ2 implies Φ1(τ2)✁ Φ1(τ1) and
Φ1(τ1 ◦ τ2) = Φ1(τ2) ◦ Φ1(τ1). (31-b)
(ii) Φ2 : U → U ′ is a psg homomorphism or antihomomorphism in accordance with (i)
(i.e. Φ1 and Φ2 are either both homomorphisms or both antihomomorphisms).
(iii) The following diagram is commutative:
U
Φ2−−−→ U ′
σ
y
yσ′ i.e. Φ1◦σ=σ′◦Φ2.
T −−−→
Φ1
T ′
(32)
Here the symbol ◦ denotes composition of mappings.
Writing Φ1(τ) = τ
′ and Φ2|Uτ = Φ2τ , the restriction of Φ2 to the space Uτ , Eq. (32)
implies that Φ2τ maps Uτ into U ′τ ′ .
(iv) Each mapping Φ2τ : Uτ → U ′τ ′ is morphism of logics i.e. it is injective, preserves partial
order, meet, join, and orthocomplementation and maps null and unit elements onto
null and unit elements respectively.
A morphism is called an isomorphism if the mappings Φ1 and Φ2 are bijective. An
isomorphism of S onto itself is called an automorphism of S. The family of all automorphisms
of S forms a group called Aut(S).
The next step is to obtain an induced morphism Φ˜=(Φ˜1,Φ˜2) of S˜ onto S˜
′
. This appears
to go through smoothly only if Φ is an isomorphism, which we henceforth assume to be.
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Since each Φ2τ is a bijection preserving the logic structure, in particular the null and
unit elements, Φ2 maps null history filters onto null history filters and unit history filters
onto unit history filters. It follows that Φ2 induces a bijective mapping Φ˜2 of S˜ onto S˜
′
which
maps 0˜ to 0˜′, 1˜ to 1˜′ and typical elements to typical elements; in fact, it is a psg isomorphism.
Similarly, Φ1 induces a psg isomorphism Φ˜1 of T˜ onto T˜ ′ and the pair Φ˜ = (Φ˜1, Φ˜2) gives
an isomorphism of S˜ onto S˜
′
.
The isomorphism Φ˜2 preserves the operations ≤, ⊥, ⊕ and ∧ defined on U˜ . The condition
of weak disjointness is also preserved. Hence we have an induced mapping Φ2 : Ω → Ω
′
mapping 0 to 0′, 1 to 1′ and generic elements to generic elements.
All the structural properties going into the definition of various operations in Ω (≤, ⊥,
⊕) are preserved by Φ2. In particular
(a) α⊥β if and only if Φ2(α)⊥Φ2(β)
(b) Φ2(α⊕ β) = Φ2(α)⊕ Φ2(β)
(c) Φ2(¬α) = ¬Φ2(α).
Henceforth we restrict ourselves to the case U ′ = U , T ′ = T ; this implies U˜ ′ = U˜ , Ω˜′ = Ω˜,
etc.
To obtain the transformation law of decoherence functionals we need transformation laws
of states and evolution maps. A state pτ ∈ S(τ) transforms under Φ to a state p′τ ′ ∈ S(τ
′)
[where τ ′ = Φ1(τ)] given by
p′τ ′(β) = pτ
[
Φ−12τ (β)
]
for all β ∈ U ′τ ′ . (33)
We can see from Eq. (33) that the mapping pτ → p′τ ′ preserves convex combinations; in
particular, it transforms pure states to pure states. An observable Aτ ∈ O(τ) transforms
under Φ to A′τ ′ ∈ O(τ
′) given by
A′τ ′(E) = Φ2τ [Aτ (E)] for allE ∈ B(R). (34)
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Given τ1 ✁ τ2 in N (T ) and an evolution map V (τ2, τ1) : Uτ1 → Uτ2 , Φ induces an evolution
map V ′(τ ′2, τ
′
1) : Uτ ′1 → Uτ ′2 such that the following diagram is commutative:
Uτ1
V (τ2,τ1)
−−−−→ Uτ2
Φ2τ1
y
yΦ2τ2
Uτ ′
1
−−−−−→
V ′(τ ′
2
,τ ′
1
)
Uτ ′
2
i.e. V ′(τ ′2, τ
′
1) ◦ Φ2τ1 = Φ2τ2 ◦ V (τ2, τ1). (35)
The pair Φ = (Φ1,Φ2) induces a map Φ3 : D → D, given by
Φ3 (dp0,V ) = dp′0,V ′ (36)
where p′0, V
′ are given by Eqs. (33) and (35). Eq. (36) can be used in a formal treatment of
symmetries whether or not an explicit expression for the decoherence functionals is available.
We define a symmetry operation for the augmented history system (S) (see notation
above) as a triple Φ = (Φ1,Φ2,Φ3) such that
(i) Φ = (Φ1,Φ2) is an automorphism of S;
(ii) Φ3 : D → D satisfies the condition
Re
[
Φ3(d)
(
Φ2(α),Φ2(β)
)]
= Re[d(α, β)] for all α, β ∈ Ω. (37)
Note that the condition (37) implies preservation of the (weak) decoherence condition
(25) as well as the probability expression (26).1 A symmetry operation will be called or-
thochronous if the mappings (Φ1,Φ2) are isomorphisms and nonorthochronous if they are
anti-isomorphisms. The former preserves the ‘temporal order’ of ‘events’ while the latter
reverses it.
1A stronger decoherence condition often employed is d(α, β) = 0 for α 6= β [7–9]. The appropriate
stronger invariance condition replacing Eq. (37) would then be Φ3(d)
(
Φ2(α),Φ2(β)
)
= d
(
α, β
)
.
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A symmetry operation as defined above is a symmetry of the formalism. A symmetry
of dynamics would be a member of the subclass of these symmetries leaving the evolution
map V (., .) invariant, i.e. satisfying the condition
V ′(τ2, τ1) = V (τ2, τ1), (38)
for all τ2, τ1 such that τ1 ✁ τ2. This equation can be meaningful only if the two sides define
mappings between the same spaces; this implies Uτ ′
2
≈ Uτ2 and Uτ ′1 ≈ Uτ1 where ≈ indicates
isomorphism (of logics). Since τ1 and τ2 are fairly arbitrary (subject only to the condition
τ1 ✁ τ2), it appears that, in the class of theories being discussed, symmetries of dynamics
are definable only for the subclass in which all Uτ ’s are isomorphic.
Remark: Given a pair of spaces (U , T ), there may be more than one possible candidates for
the decoherence functionals dp,V . The family of transformations constituting symmetries will
then be correspondingly different for different dp,V ’s. This is due to the invariance condition
(37) which varies with the choice of dp,V .
C. Symmetries in general quasitemporal theories and in Isham-Linden type theories
In going from the augmented temporal logic formalism to general quasitemporal theories
and from there to the Isham-Linden type theories, one has to drop some structures along the
way. In the first transition, we have to drop the logic structure of Uτ ’s and, in the second,
the quasitemporal structure itself. The definition of symmetry in these theories must ensure
preservation of the remaining mathematical structure.
A concrete quasitemporal theory must define an embedding of U in Ω in explicit terms.
Such a theory has associated with it an augmented history system, (S)= (U , T , σ,Ω,D).
Here, as noted in the previous section, the triple (U , T , σ) is the analogue of (U˜ , T˜ , σ˜)
above. A symmetry operation in such a theory may be defined as a triple Φ = (Φ1,Φ2,Φ3)
of (invertible) mappings satisfying the conditions stated above except that
(i) the condition (iv) on Φ2τ must be replaced by an appropriate structure preserving
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mapping if a definite mathematical structure (of an algebra, for example) is identified
for the spaces of single ‘time’ histories in the formalism; otherwise it should be dropped.
(ii) the mapping Φ3 now cannot be specified as in Eq. (36) and must be treated as an
independent mapping.
In the Isham-Linden type theories, a symmetry may be defined as a pair (Φ2,Φ3) of
invertible mappings, Φ2 : Ω → Ω and Φ3 : D → D, having the properties described earlier
(recall, in particular, that Φ2 preserves the mathematical operations in Ω) and satisfying
the invariance condition (37) (or the stronger version of it).
If, in any of the types of theories discussed above, a concrete expression for the deco-
herence functional is available, the mappings involved in the definition of symmetry can
generally be shown to belong to well defined classes. This was the situation in the work of
Houtappel et al. described above (where we had the Π-functions instead of the decoherence
functional) and prevails in sections IV and V and in the work of Schreckenberg [16] briefly
described below.
For Isham-Linden type theories in which Ω is the lattice P(V) of projection operators in
a finite dimensional Hilbert space V (of dimension > 2), Isham et al. [13] proved that every
decoherence functional d : Ω× Ω→ C can be written as
d(α, β) = trV⊗V
[
(α⊗ β)X
]
. (39)
Here X belongs to a class XD of operators in the space V ⊗ V satisfying a definite set of
conditions of hermiticity, positivity and normalization chosen so that d of Eq. (39) satisfies
the usual conditions. In [16], ‘physical symmetries’ were defined in the framework of theories
of the above sort as affine one-to-one maps from [P(V)⊗ P(V)]× XD into itself preserving
the quantity on the right hand side of Eq. (39). A Wigner type theorem [24,25] was proved
there showing that the ‘physical symmetries’ are in one-to-one correspondence with the so-
called ‘homogeneous symmetries’ (those implemented by the operators of the form U ⊗ U
on V ⊗ V where U is a unitary or antiunitary operator on V). Here a symmetry operation
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can be easily seen to be described as a pair (Φ2,Φ3) where the mappings Φ2 : P(V)→ P(V)
and Φ3 : XD → XD are those in Eqs. (II.17),(II.18) and (III.7) of [16]. In [25] symmetries of
individual decoherence functionals [maps α → α′ = UαU †, β → β′ satisfying the condition
d(α′, β′) = d(α, β) for all α, β in Ω = P(V) for a given d] were considered in some detail.
IV. TRADITIONAL VS. TEMPORAL LOGIC DESCRIPTIONS OF
SYMMETRIES IN NONRELATIVISTIC QUANTUM MECHANICS
In this section we shall establish a reciprocal relationship between the traditional descrip-
tion of symmetry operations in nonrelativistic quantum mechanics and those in the present
formalism. The transition from traditional Wigner symmetries to those in the formalism
of the previous section is described most transparently in the HPO (History Projection
Operator) formalism [10].
A. The HPO formalism
If histories are represented as (multi-time) propositions, it is natural to look for a rep-
resentation of histories as projection operators in some Hilbert space. This is achieved for
traditional quantum theory in [10]. In this case, we first construct the Cartesian product
V =
∏
t∈R
Ht (40)
of (naturally isomorphic) copies Ht of the quantum mechanical Hilbert space H of the
system. Let w = (wt) be a fixed vector in V such that ‖ wt ‖= 1 for all t ∈ R. Let F be the
subspace of V consisting of vectors v such that vt = wt for all but a finite set of t-values.
The scalar product (., .) on H induces the following scalar product on F :
(v′, v)F =
∏
t∈R
(v′t, vt)Ht . (41)
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The completion H˜ of this inner product space is the desired Hilbert space; it is the infinite
tensor product
H˜ = ⊗wt∈RHt. (42)
The history α of Eq. (1) is represented in H˜ by the homogeneous projection operator
α = αt1 ⊗ αt2 ⊗ · · · ⊗ αtn . (43)
Given another projection operator β in H˜ representing some history β such that α and
β are mutually orthogonal, the inhomogeneous projection operator α + β can be taken to
represent the history proposition ‘α or β’. Histories are referred to as ‘homogeneous’ or
‘inhomogeneous’ depending on whether they are represented by homogeneous or inhomoge-
neous projection operators. Inclusion of inhomogeneous histories facilitates the introduction
of the logical operation of negation of a history proposition. Given α and α as above, the
projection operator representing the negation of the history proposition α is I˜ − α where I˜
is the identity operator on H˜.
B. Symmetries in traditional quantum mechanics in the HPO formalism
We denote by P1(H) the space of one-dimensional projection operators (i.e. operators
of the form PΨ = |Ψ〉〈Ψ| on the quantum mechanical Hilbert space H). In terms of these
operators the transition probability formula reads
P (|Ψ〉 → |Φ〉) = |〈Φ|Ψ〉|2 = Tr(PΨPΦ). (44)
According to Wigner’s theorem [24] given a bijection P1(H) → P1(H) (P → P ′) which
preserves transition probabilities, there exists a unitary or antiunitary operator U on H
such that
P ′ = UPU−1 for all P ∈ P1(H). (45)
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Recall that, the action of such a U on B(H) (the algebra of bounded operators on H) is
given by
A→ A′ = UAU−1 for unitary U (46-a)
A→ A′ = UA†U−1 for antiunitary U. (46-b)
If A is self-adjoint, the expressions on the right side in Eqs. (46-a), (46-b) are the same; in
particular, this is the case for a projection operator and a density operator.
A unitary/antiunitary operator U on H defines a unitary/antiunitary operator U˜ on H˜
such that
U˜ [Ψt1 ⊗Ψt2 ⊗ · · · ⊗Ψtn ] = UΨt1 ⊗ UΨt2 ⊗ · · · ⊗ UΨtn . (47)
The homogeneous projection operator α of Eq. (43) transforms into
α′ = U˜αU˜−1 = α′t1 ⊗ · · · ⊗ α
′
tn
(48)
where
α′tj = UαtjU
−1. (49)
Given α of Eq. (43) and β = βs1 ⊗ · · · ⊗ βsm such that tn < s1, the composite history
projector α◦β = αt1⊗· · ·⊗αtn⊗βs1⊗· · ·⊗βsm , being a homogeneous projector, transforms
as in Eq. (48), giving
α ◦ β → U˜(α ◦ β)U˜−1 = (U˜αU˜−1) ◦ (U˜βU˜−1). (50)
The transformation law (48), therefore, defines an automorphism of the psg K2 (the space
of history filters U in the present case). This action trivially extends to inhomogeneous
projectors:
α + β → α′ + β
′
= U˜(α + β)U˜−1. (51)
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In writing Eq. (50), we have implicitly assumed that there is no transformation of time
involved. There may, in general, be a transformation of the time variable also involved,
t→ t′ = f(t). (52)
If t′ is to serve as a time variable, the function f must be monotone. There are two possi-
bilities:
(i) f is monotone increasing. In this case ti < tj implies t
′
i < t
′
j . Given temporal supports
A = (t1, . . . , tn) and B = (s1, . . . , sm) such that A✁B (corresponding to tn < s1) we
have A′ = (t′1, . . . , t
′
n), B
′ = (s′1, . . . , s
′
m) and
A′ ✁ B′, (A ◦B)′ = A′ ◦B′ (53)
giving an automorphism of the psg K1 (the space of temporal supports T in the present
case).
(ii) f is monotone decreasing (time reversal t′ = −t is an important special case of this).
In this case ti < tj implies t
′
j < t
′
i. When A✁ B, we have
B′ ✁ A′, (A ◦B)′ = B′ ◦ A′ (54)
giving an antiautomorphism of K1. In this case Eq. (54) implies that Eq. (50) must
be replaced by an antiautomorphism of K2 = U :
α ◦ β → U˜(α ◦ β)U˜−1 = (U˜βU˜−1) ◦ (U˜αU˜−1). (55)
Summarizing, we have shown that a Wigner symmetry implemented as in Eq. (45) along
with the transformation (52) of time implies, for the history system (U , T , σ) = (K2,K1, σ)
the following:
(i) An automorphism or antiautomorphism Φ1 of T [given by Φ1(A) = A′];
(ii) An automorphism or antiautomorphism Φ2 of U [in accordance with (i)] given by
Φ2(α) = U˜αU˜
−1. (56)
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(iii) Projections (from U to T ) implied by σ are preserved by the mappings Φ1 and Φ2
making the following diagram commutative:
U
Φ2−−−→ U
σ
y
yσ i.e. Φ1◦σ=σ◦Φ2.
T −−−→
Φ1
T
(57)
Eq. (57) implies that, for any t ∈ R [=N (T ) in the present case], Φ2 maps Ut = P(Ht)
into Ut′ = P(Ht′) where t′ = Φ1(t) = f(t).
(iv) For each t ∈ R = N (T ), the mapping Φ2t = Φ2 | Ut is an isomorphism of the logic
Ut = P(Ht) onto Ut′ = P(Ht′).
(v) Eq. (51) and (iv) above imply that the mapping Φ2 on U = K2 extends to a bijective
mapping Φ2 on the space Ω of inhomogeneous projectors onto itself preserving the
lattice operations in it.
Note: Whether Φ1 and Φ2 are automorphisms or antiautomorphisms depends only on
whether f(t) in Eq. (52) is monotone increasing or decreasing and not on whether U (and
corresponding U˜) is unitary or antiunitary. We can very well have a situation where, for
example, U is antiunitary, Φ1 is the identity mapping and Φ2 is an automorphism.
The transformation law of the decoherence functionals d(α, β) of Eq. (5) following from
that of the initial state ρ(t0) and the evolution operator U(t
′, t) gives ρ(t0) → Uρ(t0)U
−1
and
Cα →


UCαU
−1 for U unitary,
UC†αU
−1 for U antiunitary.
(58-a)
which implies that
d(α, β)→


d(α, β) for U unitary,
d(α, β)∗ for U antiunitary.
(58-b)
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Equation (58-b) describes the mapping Φ3 of Eq. (36) and is clearly consistent with Eq.
(37).
We have seen above that a traditional Wigner symmetry [supplemented with the trans-
formation (52) of time] implies, in the history version, a symmetry as defined in section III.
We now consider the reverse connection.
C. Recovering Wigner symmetries from those in the temporal logic formalism
The simplest way to obtain Wigner symmetries from those of section III is to note that
since, for each t ∈ R = N (T ), Ut ≈ P(H), a symmetry of section III implies an automor-
phism of P(H) which, in turn, implies the existence of a unitary/antiunitary mapping on
H. (See Theorem 4.27 in [12]).
Note that the argument given above is independent of the nature of ‘time’; it goes through
if K1 is replaced by a general space T of temporal supports consistent with axioms A1 and
A2 of section II. This fact will be used in section VIII.
A pedagogically simpler route to recover Wigner symmetries from those of section III is
to obtain from the latter, the condition of invariance of transition probabilities. To this end
(noting that U , T and Ω here are the same as in the previous subsection) we apply Eq. (37)
to the β = α = α where α = αt1 is a single-time history (i.e. a projection operator on H).
From Eqs. (3) and (5) we have Cα = αt1U(t1, t0) and
d(α, α) = Tr
[
Cαρ(t0)C
†
α
]
= Tr
[
αt1U(t1, t0)ρ(t0)U(t1, t0)
−1
]
. (59)
Writing Φ1(tj) = t
′
j (j = 0, 1), and Φ2(α) = α
′ = α′t′
j
, the condition d′(α′, α′) = d(α, α) gives
Tr
[
α′t′
1
U ′(t′1, t
′
0)ρ
′(t′0)U
′(t′1, t
′
0)
−1
]
= Tr
[
αt1U(t1, t0)ρ(t0)U(t1, t0)
−1
]
. (60)
Putting t1 = t0 in Eq. (60), we get
Tr
[
α′t′
0
ρ′(t′0)
]
= Tr [αt0ρ(t0)] . (61)
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Taking ρ(t0) to be a pure state (one dimensional projection operator), ρ
′(t′0) must also be a
pure state. [See the statement after Eq. (33).] Similarly, taking αt0 to be one dimensional
projector, α′
t′
0
must also be a one dimensional projector because the mapping Φ2t0 preserves
the logic structure of Ut0 = P(H). With these choices, Eq. (61) implies invariance of
transition probabilities. It follows that we now have a Wigner symmetry.
V. TRADITIONAL VS. TEMPORAL LOGIC DESCRIPTIONS OF
SYMMETRIES IN CLASSICAL MECHANICS
For classical mechanics of a system with phase space Γ, the space of temporal supports
is taken, for simplicity, to be T = K1 [which implies N (T ) = R, the traditional space for
the flow of time]. For each t ∈ R, the space Ut is an isomorphic copy of B(Γ), the Boolean
logic of Borel subsets of Γ. A typical history filter is of the form (considering, for simplicity,
history filters with finite temporal supports only)
α = {αt1 , αt2 , . . . , αtn ; t1 < t2 < . . . < tn, αti ∈ Uti} (62-a)
which is represented as
α = αt1 ◦ αt2 ◦ · · · ◦ αtn . (62-b)
Construction of U˜ and Ω as well as descriptions of operations/relations in them are straight-
forward.
In this case, states at any time t are the probability measures on the measurable space
(Γ, B(Γ)). In most concrete situations they are measures associated with density functions
in phase space. Observables at any time t are maps At : B(R)→ B(Γ) with the properties
as stated in section II. Temporal evolution is given by measurable maps V (t′, t) : Ut → Ut′
which we assume to be bijective. Since single points of Γ are elements of B(Γ), this defines a
bijective map of Γ onto itself which we also denote as V (t′, t). Given t0 < t1 < t2 < . . . < tn
and ξt0 ∈ Γ, let ξ(tj; ξt0) be the point of Γ given by
ξ(tj; ξt0) = [V (tj , tj−1) · V (tj−1, tj−2) · · · · · V (t2, t1) · V (t1, t0)] (ξt0) . (63)
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Given a history α as above and another history β = βt1 ◦ βt2 ◦ · · · ◦ βtn , we define the
decoherence functional corresponding to the state pt0 and the law of evolution V (., .) as
dp0,V (α, β) = pt0(Eαβ) =
∫
Γ
dpt0(ξt0)K
αβ(ξt0) (64)
where Eαβ is the subset of Γ consisting of those points ξt0 ∈ Γ for which ξ(tj; ξt0) lies in
αtj ∩ βtj , for each j = 1, 2, . . . , n and K
αβ is the characteristic function of Eαβ . Equation
(64) serves to define the decoherence functional d(= dp0,V ) for any pair of finite histories.
(The general case of two finite histories with different temporal supports can be reduced to
the simpler case of common temporal supports by taking some of the αti and/or βtj equal
to Γ.)
In the traditional formalism of Hamiltonian dynamics (in the setting of symplectic man-
ifolds), symmetries of the formalism are the canonical transformations (diffeomorphisms of
Γ preserving the symplectic form). The histories-based formalism (at the level of generality
kept in this paper), however,does not involve smooth structures and infinitesimal versions of
dynamics (Hamilton’s equations). It operates in the more general framework of (topological)
measure spaces employing Borel sets and Borel measurable evolution maps. The symmetries
of the formalism in the present context, therefore, are bijective Borel measurable maps of Γ
onto itself.
After these preliminaries, we now consider the two-way connection between symmetries
as mentioned above.
(1) Given an invertible transformation of the time variable [Eq. (52)] and a bijective Borel
measurable mapping F : Γ → Γ [ξ → ξ′ = F (ξ)] we construct a symmetry operation
Φ = (Φ1,Φ2,Φ3) as follows:
(i) An automorphism/antiautomorphism Φ1 of K1 is constructed as in section IV.
(ii) The mapping Φ2t : B(Γ)→ B(Γ) defined by
Φ2t(A) = F (A) for all A ∈ B(Γ) (65)
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is an automorphism of the logic B(Γ). Note that the mapping Φ2t is the same
for all t.
(iii) Given α = (αt1 , αt2 , . . . , αtn) ∈ U , we have
Φ2(α) = (Φ2t1(αt1), . . . ,Φ2tn(αtn)) . (66)
(iv) The verification that the pair Φ = (Φ1,Φ2) is an automorphism of the history
system S = (U , T , σ) is straightforward.
(v) The transformation laws of the states pt0 and the evolution maps Vt,s = V (t, s)
appearing in the classical decoherence functional Eq. (64) are obtained using
Eqs. (32), (33) and (65). This gives
p′t′
0
(β) = pt0
[
Φ−12t0(β)
]
= pt0
[
F−1(β)
]
(67)
and
V ′t′
2
,t′
1
(ξ) = F
[
Vt2,t1
(
F−1(ξ)
)]
. (68)
The transformed decoherence functional is given by
d′(α′, β ′) = p′t′
0
(E ′α′β′) = pt0 [F
−1(E ′α′β′)] (69)
where
E ′α′β′ = {ξ
′
0 ∈ Γ; ξ
′(t′j ; ξ
′
) ∈ α
′
t′
j
∩ β ′t′
j
, j = , . . . , n}
= F{ξ0 ∈ Γ; ξ(tj; ξ) ∈ αtj ∩ βtj , j = , . . . , n}
= F (Eαβ). (70)
Equation (69) now gives
d′(α′, β ′) = pt0(Eαβ) = d(α, β). (71)
which verifies Eq. (37) in the present case.
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(2) Given a symmetry operation Φ = (Φ1,Φ2,Φ3) we recover the maps f and F as follows:
(i) The restriction of Φ1 to N (T ) = R fixes the map f .
(ii) Φ2 determines, for each t ∈ N (T ) = R, Φ2t : B(Γ)→ B(Γ) which, when restricted
to single point sets, determines a mapping F : Γ→ Γ which is bijective and Borel
measurable.
VI. PHYSICAL EQUIVALENCE OF HISTORIES
Gell-Mann and Hartle [18] have emphasized the need to understand the nature of physical
equivalence between sets of (coarse-grained) histories of a closed system as a prerequisite for a
clear understanding of some fundamental questions like what would it mean for the universe
to exhibit essentially inequivalent quasi classical realms. Assuming that the spacetime has
a fixed geometry permitting foliation in space-like hypersurfaces and that the underlying
dynamics of the universe is governed by a canonical quantum field theory, they considered,
in histories-based version of this dynamics, a few notions of physical equivalence of sets
of histories. We shall now show that all these notions reduce to special cases of a simple
criterion for physical equivalence which can be stated concisely in terms of the symmetry
operations described above.
The obvious guiding principle for such a criterion is that histories related through trans-
formations leaving all observable quantities invariant must be treated as physically equiv-
alent. The observable quantities for histories (of a closed system) are the probabilities of
(decoherent) histories and (in quasitemporal theories) ‘temporal order’ of ‘events’. So we
propose the following criterion of physical equivalence: All histories related to each other
through orthochronous symmetry operations are physically equivalent.
We now take up various notions of physical equivalence considered by Gell-Mann and
Hartle. Since, in our description of symmetry Φ3 is determined in terms of Φ1 and Φ2 [see
Eq. (36)] , it is adequate to give Φ1 and Φ2 corresponding to the various notions of physical
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equivalence. Extension of Φ2 to Φ2 through Eq. (51) should be understood in all the cases
considered below.
(i) A fixed unitary transformation (say U) applied to all operators (including the initial
density operator). In this case, we have Φ1 = identity and Φ2 is the automorphism
given by Eq. (56).
(ii) The same operator described in terms of fields at different times (using Heisenberg
equations of motion), say at times t and t + a. In this case, we have
Φ1(t) = t+ a; Φ2t = V (t + a, t) (72)
where V (t, t′) is the evolution operator in our formalism (given by the U˜ of Eq. (56)
corresponding to U = U(t, t′) = exp[−iH(t− t′)/h¯]).
(iii) Histories related through field redefinitions: Given a field transformation (φ, π) →
(φ′, π′), the two histories involve, typically, observables A and A′ related through
equations like A[φ, π] = A′[φ′, π′]. Since, as operators, A andA′ are identical (and have,
therefore, identical spectral projectors), the mappings Φ1 and Φ2 are both identity
maps. As an example, let φ′ = U−1φU , π′ = U−1πU , A =
∫
πφ˙ dx; then
A[φ, π] ≡
∫
πφ˙ dx = U [
∫
π′φ′ dx]U−1 ≡ A′[φ′, π′]. (73)
(iv) Another notion of physical equivalence is that two histories described, respectively, by
triples ({Cα}, H, ρ) and ({C˜α}, H˜, ρ˜) are physically equivalent if there exist canonical
pairs (φ, π) and (φ˜, π˜) such that the relevant operators in one history have the same
expressions in terms of (φ, π) as those in the other have in terms of (φ˜, π˜) [here Cα
are operators of the type of Eq. (3), H is the Hamiltonian and ρ is the initial density
operator]. Assuming as above, that the theory in question has a concrete expression
for the decoherence functional d(α, β) and denoting the histories corresponding to the
two triples above as α and α˜ respectively, we must have
d(α˜, β˜) = d(α, β). (74)
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This is because, when the two sides are expressed in terms of the canonical pairs (φ, π)
and (φ˜, π˜), there is nothing to mathematically distinguish the two sides (apart from
some trivial relabelling). In this case, we have Φ1 = identity and Φ2 precisely the
mapping given by α→ α˜.
Remarks: (1) Note that all the notions of physical equivalence treated above can be derived
from our criterion. More generally, any formalism in which histories are described in terms of
fundamental entities like particles, fields, strings etc., similar notions of physical equivalence
of histories can be derived by showing that the mappings Φ1, Φ2, and Φ3 involved in the
situation correspond to an orthochronous symmetry.
(2) The criterion of physical equivalence of histories stated above is applicable to closed
systems only. In particular, it is not applicable to the history version of traditional quantum
mechanics in which events refer to measurements by an external observer. Gell-Mann and
Hartle have emphasized that the criterion for physical equivalence of histories have to be
different for closed systems (ideally, the universe where an observer or measurement appa-
ratus is a part of the system) and for the ‘approximate quantum mechanics of a measured
subsystem’ of the universe. The latter categories of theories (of which standard quantum
mechanics is an example) have external observers which employ reference frames; two his-
tories related through a nontrivial transformation within a reference frame (for example, a
time translation, a space translation or a spatial rotation) are physically distinguishable.
VII. CONSERVATION LAWS
We next consider conservation laws in the present formalism. Since we have the concept
of evolution defined in the formalism, it is natural to define conservation of an observable
in terms of its preservation under evolution. To do this, however, we shall need to compare
elements of Uτ ’s for different τ ’s. It follows that a primary requirement for the definition of
conservation laws is that Uτ ’s for different τ ’s be isomorphic. We shall assume it to be the
case in this section and identify Uτ ’s for all τ ∈ N (T ).
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Given τ ✁ τ ′, we say an observable A ∈ O(τ) is conserved under the evolution V (τ ′, τ) :
Uτ → Uτ ′ if
V (τ ′, τ)(A(E)) = A(E) for all E ∈ B(R). (75)
We shall now formulate an alternative definition of conservation law in terms of equality
of probabilities of appropriate single-time histories. Let τ0 ✁ τ ✁ τ
′ and suppose that a
decoherence functional dp0,V is given in terms of an initial state p0 at ‘time’ τ0 and the
evolution map V (., .). Let α and β be the single-time histories given by
α = ατ = A(E); β = βτ ′ = A(E). (76)
We expect the following alternative definition of conservation law to be equivalent to the
one given: we say that the observable A ∈ O(τ) is conserved under the evolution V (τ ′, τ) :
Uτ → Uτ ′ if
dp0,V (α, α) = dp0,V (β, β) (77)
for all p0 ∈ S(τ0) and all E ∈ B(R). A formal proof of this equivalence is possible only if
either an explicit functional form of the decoherence functional is known or more detailed
assumptions about its dependence on the evolution mapping V are made. In the following,
we shall only verify that the two definitions are indeed equivalent for history versions of
nonrelativistic quantum mechanics and classical mechanics.
(i) Quantum Mechanics: Let t0 < t < t
′. We have Ut0 ≈ Ut ≈ Ut′ = P(H). With the
initial state ρ(t0) = ρ0, α = αt ∈ P(H) and β = βt′ = αt, we have [recalling Eqs. (3)
and (5)] Cα = αtU(t, t0), Cβ = βt′U(t
′, t0) and
d(α, α) = Tr(Cαρ0C
†
α) = Tr
[
αtU(t, t0)ρ0U(t, t0)
−1
]
(78-a)
d(β, β) = Tr
[
βt′U(t
′, t0)ρ0U(t
′, t0)
−1
]
. (78-b)
The equality d(α, α) = d(β, β) for arbitrary ρ0 gives
U(t′, t0)
−1βt′U(t, t0) = U(t, t0)
−1αtU(t, t0) (79)
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which implies (recalling that β ′t = αt)
U(t′, t)−1αtU(t
′, t) = αt. (80)
This equation represents the preservation of spectral projectors of the observable A
under Schro¨dinger picture evolution. Consider, for example
αt = |Ψt〉〈Ψt| ∈ Ut
where |Ψt〉 is an eigenstate of A corresponding to some eigenvalue λ. Under temporal
evolution |Ψt〉 → U(t′, t)|Ψt〉 and
|Ψt〉〈Ψt| → U(t
′, t)|Ψt〉〈Ψt|U(t
′, t)−1 ∈ Ut′ . (81)
A general spectral projector of A (which is a sum or integral of projectors of the form
|Ψt〉〈Ψt|) has the same transformation law under temporal evolution. The content of
Eq. (80), therefore, is the same as that of Eq. (75) in the present case. The condition
(77), therefore, implies condition (75). Conversely, given Eq. (75), we have Eq. (80)
from which we can easily obtain the equality (77).
(ii) Classical Mechanics: Again, let t0 < t < t
′. We have Ut0 ≈ Ut ≈ Ut′ = B(Γ). With
p0 ∈ S(t0), α = αt = A(E) ∈ B(Γ) and β = βt′ = αt we have
d(α, α) =
∫
Γ
dp0(ξ0)
∫
αt
δ [ξ − V (t, t0)(ξ0)] dξ
= p0
[
V (t, t0)
−1(αt)
]
. (82-a)
d(β, β) = p0
[
V (t′, t0)
−1(βt′)
]
. (82-b)
The equality d(α, α) = d(β, β) for all p0 gives
V (t, t0)
−1(αt) = V (t
′, t0)
−1(βt′), (83)
which implies V (t′, t)(A(E)) = A(E) [Eq. (75)]. Conversely, given Eq. (75), we have
Eq. (83) from which Eq. (77) is easily deduced.
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Our definition of a conservation law is somewhat different from the one given in [19]
where, in the limited context of Hilbert space quantum mechanics (of a closed system),
conservation of an observable A is defined in terms of vanishing probability of decoherent
histories which involve projection operators corresponding to disjoint ranges of A at two
different times (making allowance for finite sequences of projectors associated with other
observables at intermediate times). Our definition, in contrast, is given (in a more general
framework) in terms of equality of probabilities of single-time histories at different ‘times’ for
all ranges of A and for all initial states [see Eq. (77)]. The definition in [19] raises interesting
questions about permitted projectors at intermediate times which are investigated there and
some interesting results obtained.
VIII. CONNECTION BETWEEN SYMMETRIES AND CONSERVATION LAWS
IN HILBERT SPACE-BASED THEORIES
In certain forms of dynamics, one can obtain a general relation between continuous sym-
metries of dynamics and conservation laws. Examples are Lagrangian and Hamiltonian
formulations of classical mechanics and Hilbert space quantum mechanics in the Heisenberg
picture. The conserved quantities are infinitesimal generators of symmetry transformations
(in the appropriate implementation of symmetry) interpreted as observables. In the present
formalism, it is difficult to see such a general connection between symmetries and conser-
vation laws in the case of general Uτ ’s. At least two conditions appear to be necessary to
establish such a general connection: (i) An explicit expression for the decoherence functional
dp,V [or at least some information about its dependence on the evolution maps V (τ
′, τ)]. (ii)
The presence of an appropriate mathematical structure which can lead to the identification
of the infinitesimal generator of a symmetry transformation as an observable. These con-
ditions are satisfied for Hilbert space based theories in which case we derive such a general
relation. Before doing that we quickly recall the definition of decoherence functionals in
such theories.
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We are considering the subclass of theories described in section II in which we have, for
each τ ∈ N (T ), a separable Hilbert space Hτ and Uτ = P(Hτ ), the family of projection
operators in Hτ . Here T is a general space of temporal supports satisfying axioms A1 and A2
of section II. For τ, τ ′ ∈ N (T ) with τ ✁ τ ′, the evolution from Uτ to Uτ ′ is, for the purpose
at hand, more conveniently described by the linear map K(τ ′, τ) : Hτ → Hτ ′ such that,
for all triples τ, τ ′, τ ′′ with τ ✁ τ ′ ✁ τ ′′ and τ ✁ τ ′′, we have K(τ ′′, τ ′) ·K(τ ′, τ) = K(τ ′′, τ).
[When Hτ ’s are naturally isomorphic and the maps K(., .) unitary, the transformation law
α → K(τ ′, τ)αK(τ ′, τ)† of projectors gives the mappings V (τ, τ ′) : P(Hτ )→ P(Hτ ′) which
are logic isomorphisms.] We also assume that for every pair τ, τ ′ ∈ N (T ), there exists a
τ ′′ ∈ N (T ) such that τ ✁ τ ′′ and τ ′ ✁ τ ′′. (This is a new assumption not covered by the
axioms of section II.) In the HPO formalism (section IVA), elements of U˜ are represented
as homogeneous projectors
α˜ = ατ1 ⊗ ατ2 ⊗ · · · ⊗ ατn (84)
where τ1✁ τ2 ✁ · · ·✁ τn and ατi ∈ Uτi = P(Hτi). Similarly, elements of Ω are represented as
inhomogeneous projectors. Due to countable additivity of the decoherence functionals, it is
sufficient to define d(., .) for pairs of homogeneous projectors. Writing α˜ for {α˜} and taking
β˜ = βτ ′
1
⊗ · · · ⊗ βτ ′m , τ
′
1 ✁ · · ·✁ τ
′
m
we define [compare Eq. (5)]
d(α˜, β˜) = NTr
[
C ′αρ(τ0)C
′†
β
]
(85)
where τ0 ✁ τ1, τ0 ✁ τ
′
1, ρ(τ0) is a density operator on Hτ0 and
C ′α = K(τf , τn)ατnK(τn, τn−1) · · ·ατ2K(τ2, τ1)ατ1K(τ1, τ0) (86)
with a similar expression for C ′β. Here τf is any element of N (T ) satisfying the conditions
τn✁τf and τ
′
m✁τf . Moreover N
−1 = Tr [Aρ(τ0)B] where A and B are the operators obtained
from C ′α and C
′
β respectively by putting each of the ατi and β
′
τj
equal to the unit operator.
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Since conservation laws can be defined only when all Uτ ’s are isomorphic, we restrict
ourselves to the subclass of Hilbert space-based theories in which all the Hτ ’s are naturally
isomorphic (and can, therefore be identified with a single Hilbert space H) and the evolution
maps are unitary. This means one has the usual Hilbert space-based quantum mechanics
with unitary temporal evolution except that the time points t, t′, · · · are replaced by the
nuclear elements of a psg. Even this much generality, however, is worthwhile; results obtained
will have validity in, for example, quantum field theories in a large class of space-times not
admitting foliation in spacelike surfaces.
We now proceed to obtain the desired relation between continuous symmetries and con-
servation laws.
Let Φ(λ) = (Φ1(λ),Φ2(λ),Φ3(λ)) be a continuous 1-parameter symmetry of dynamics of
a history system in the above mentioned class. Such a symmetry is implemented unitarily on
H (section IVC); let the corresponding infinitesimal generator be the self-adjoint operator
A. The invariance condition (38) of V [with transformation law (35) for V (., .)] implies
that the mappings K(., .) mentioned above commute with A and therefore with the spectral
projectors of A (see Appendix A for a proof).
Now let τ0✁τ ✁τ
′
✁τf , τ0✁τf and τ ✁τf and consider the quantities d(α, α) and d(β, β)
with d(., .) of Eq. (85). Here we have N = 1 and α, β are single-time histories given by
ατ = βτ ′ = P , a spectral projector of A. We have, in this case,
C ′α = K(τf , τ)PK(τ, τ0)
= K(τf , τ)K(τ, τ0)P = K(τf , τ0)P. (87)
This gives
d(α, α) = Tr
[
C ′αρ(τ0)C
′†
α
]
= Tr
[
K(τf , τ0)Pρ(τ0)PK(τf , τ0)
†
]
= Tr [Pρ(τ0)] . (88)
Similarly, we have d(β, β) = Tr [Pρ(τ0)] = d(α, α) giving the desired conservation law in the
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form of Eq. (77).
IX. HISTORIES IN CURVED SPACETIMES
In this section we consider histories in general curved spacetimes. As mentioned earlier,
the treatment is general enough to cover histories of particles, fields, strings and more general
objects.
A. Quasitemporal structure
First we consider the construction of the space T of temporal supports. We assume
that the spacetime M is a 4-dimensional manifold equipped with a metric g of Lorentzian
signature (−+++). Given two subsets A and B of M , we say that A temporally precedes
B (A✁B) if
J+(A) ∩ B 6= φ,
[
J+(B)− B
]
∩A = φ. (89)
We have modified Isham’s definition (14) to allow the possibility A = B or, more generally,
A ∩ B 6= φ. This is in keeping with our convention (10) which allows, for example, sm = t1
in Eq. (9). Like the relation ≺ given by Eq. (14), the relation ✁ is also not a partial order;
in particular, A✁ B and B ✁ C does not generally imply A✁ C.
We define a basic region as a connected subset of M such that every pair of points in
it has spacelike separation. Thus, a basic region can be a single point, (a connected piece
of) a spacelike curve, a two-dimensional spacelike surface or a three dimensional spacelike
hypersurface. This is in contrast to Isham’s definition where the basic regions are four
dimensional.
A nuclear temporal support is a collection
τ = {B1, B2, . . . } (90)
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of basic regions such that all the pairs Bi, Bj have mutually spacelike separation. Given two
nuclear temporal supports τ = {B1, B2, . . . } and τ ′ = {B′1, B
′
2, . . . }, we say that τ ✁ τ
′ if
∪i(Bi)✁ ∪j(B
′
j). (91)
A temporal support
ξ = {. . . , τ1, τ2, . . . } (92)
is a countable ordered collection of nuclear temporal supports such that consecutive entries
in ξ are temporally ordered (i. e. τj ✁ τj+1 for all j), and moreover, the collection is at most
semi-infinite (it has either an ‘earliest’ member or a ‘latest’ member or both). The family
of temporal supports is denoted as T and the subfamily of nuclear temporal supports as
N (T ). Identifying τ ∈ N (T ) with {τ} ∈ T , N (T ) is clearly a subfamily of T .
We define a partial semigroup (psg) structure on T as follows: Given two elements ξ and
η of T , we say that ξ ✁ η if ξ has a latest member τ0 and η has an earliest member τ ′1 (i. e.
ξ = {. . . , τ−1, τ0} and η = {τ ′1, τ
′
2, . . . }) such that τ0 ✁ τ
′
1. If the joint collection of nuclear
temporal supports in ξ and η is at most semi-infinite, we define the composition ξ ◦ η as
ξ ◦ η = {. . . , τ−1, τ0, τ
′
1, τ
′
2, . . . }. (93)
We assume that [see Eq. (10)]
{τ} ◦ {τ} = {τ} for all τ ∈ N (T ). (94)
The composition (93) is now also defined if τ0 = τ
′
1.
A general element ξ = {. . . , τ1, τ2, . . . } ∈ T admits an irreducible decomposition of the
form
ξ = · · · ◦ {τ1} ◦ {τ2} ◦ · · · (95-a)
which we simply write as
ξ = · · · ◦ τ1 ◦ τ2 ◦ · · · . (95-b)
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This irreducible decomposition is unique modulo the trivial redundancy implied by the
convention (94).
In the appendix B we give a straightforward construction of a topology on T to make
it a topological partial semigroup (i. e. a psg T which is also a topological space with a
topology such that the composition ◦, considered as a mapping from a subset of T ×T into
T is continuous). This is needed for a continuity argument in the next subsection.
We next consider the construction of the space U of history filters. The first step in
this construction is to associate, with each basic region B, a logic UB such that, for two
basic regions B and B′ having spacelike separation, the logics UB and UB′ are isomorphic.
Identifying isomorphic logics, we can now associate a logic Uτ with an element τ ∈ N (T ).
(It is just the logic associated with any of its basic regions.) Logics associated with two
different nuclear temporal supports generally need not be isomorphic.
A history filter is now defined as an assignment, to some element ξ = {. . . , τ1, τ2, . . . } of
T , of a collection α = {· · · , α1, α2, · · · } such that
(i) the entries in α are in one-one correspondence with those in ξ;
(ii) αj ∈ Uτj for every j.
We define the map σ : U → T such that σ(α) = ξ. A temporal order relation ✁ and a
psg structure can now be defined on U in a fairy obvious manner so as to make σ a psg
homomorphism. Indeed, given α = {· · · , α−1, α0} and β = {β1, β2, · · · } with σ(α) = ξ =
{. . . , τ−1, τ0} and σ(β) = η = {τ ′1, τ
′
2, . . . } we say that α✁ β if ξ ✁ η (which means τ0 ✁ τ
′
1).
Moreover, if ξ ◦ η is defined, we define
α ◦ β = {· · · , α−1, α0, β1, β2, · · · }. (96)
Clearly
σ(α ◦ β) = {. . . , τ−1, τ0, τ ′1, τ
′
2, . . . } = ξ ◦ η= σ(α) ◦ σ(β). (97)
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In keeping with the convention (94) for T , we adopt a similar convention for the space U :
Given α = α1 such that σ(α) = τ1 where τ1 ∈ N (T ), we stipulate that
{α1} ◦ {α1} = {α1}. (98)
The mapping σ : U → T is a psg homomorphism and the psg’s U and T are directed and
special. The triple (U , T , σ) satisfies the axiom A1 of section II. We can now invoke the
other axioms, and, proceeding as in section II, construct the space Ω of history propositions
(‘inhomogeneous histories’) which is manifestly an orthoalgebra [14].
It should be mentioned that the axiom A2 of section II, which excludes histories with
‘closed time loops’ would exclude spacetimes admitting closed timelike curves.
The logics employed above can be quite general - they can be Boolean logics associated
with classical mechanics of particles and/or fields, standard quantum logics (typically the
space P(H) of projection operators in a separable Hilbert space H) or more general logics.
The formalism presented above can, therefore, be applied to the history versions of the
classical or quantum mechanics of particles, fields, strings or more general objects.
Explicit construction of the decoherence functionals for the two special subclasses of
theories mentioned in the introduction can be easily adopted in the corresponding subclasses
of theories considered in the present section (i. e. when Uτ ’s are either families of projection
operators in separable Hilbert spaces or those of Borel measurable subsets of phase spaces
of classical systems); we shall, however, skip the details.
B. Symmetries
The definition of symmetry given in section IIIB is quite general and can be adopted in
the formalism of previous subsection. The mapping which has some special features in the
present context is Φ1. (Special features will emerge in Φ2 if more structure in the space U is
incorporated in terms of, for example, field theoretic notions. This will not be done here.)
We shall, therefore, concentrate on the mapping Φ1 in the remainder of this section.
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The mapping Φ1, being an (anti-) automorphism of the partial semigroup T , maps nu-
clear elements to nuclear elements in a one-to-one manner. Recall that the nuclear elements
of T are defined as collections of basic regions [see Eq. (90)] and that our definition allows
points, spacelike curves and 2- and 3-dimensional spacelike regions to be basic regions. All
the basic regions are, of course, special cases of nuclear temporal supports. Now, any map-
ping between two sets preserves inclusion relations between their subsets. It follows that Φ1
maps, in one-to-one manner, basic regions onto basic regions preserving their dimensionali-
ties. It follows, in particular, that, considering M as a subset of T , Φ1 induces an invertible
mapping of M onto itself (which we shall denote as ΦM1 ). Symmetries for which Φ
M
1 is the
identity mapping may be called internal symmetries. (We have, therefore, a way of defining
internal symmetries in this formalism.)
We prove below that ΦM1 must be a conformal isometry of the spacetime (M, g). In the
proof, we need the continuity of mapping ΦM1 . To facilitate such an argument, we employ the
topology on T constructed in Appendix B which makes it a topological partial semigroup.
We impose the continuity condition on the mapping Φ1 (and show in appendix B that
(considering M as a subset of T ), the subspace topology on M coincides with the manifold
topology ofM . Hence the continuity of Φ1 implies continuity of Φ
M
1 in the manifold topology.
[Similar continuity requirements should be understood on Φ2 and Φ3 (with appropriate
topologies defined on relevant spaces); they will, however, not be discussed here.]
We, therefore, have an invertible continuous mapping ΦM1 : M → M which maps space-
like curves onto spacelike curves. It follows that, it maps non-spacelike curves onto non-
spacelike curves. Now, null curves can be realized as limits of spacelike curves. Being
continuous, ΦM1 must map null curves onto null curves and therefore timelike curves onto
timelike curves. Considering the transformation of a small neighborhood of a point p of M
and employing the usual local coordinate representation of line elements, we have, therefore,
g′µν(p
′)∆xµ
′
∆xν
′
= λpgµν(p)∆x
µ∆xν (99)
where primes indicate transformation under Φ1 and λp is a positive constant (possibly de-
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pendent on p). Since the point p in Eq. (99) is arbitrary, the mapping ΦM1 must be a
conformal isometry of the spacetime (M, g).
In the present context, orthochronous symmetries are those preserving the temporal
order of the basic regions. This implies, on considering a light cone as a disjoint union of
basic regions with temporal relations between them, that, for an orthochronous symmetry,
the mapping ΦM1 maps past lightcones of spacetime points to past lightcones and future
lightcones to future lightcones. In contrast, the non-orthochronous symmetries reverse the
temporal order of basic regions; consequently, they map past lightcones to future lightcones
and vice versa.
X. CONCLUDING REMARKS
The main inadequacy which has seriously affected the present work is the absence of
a concrete expression for the decoherence functional dp,V in the general case. Construc-
tion of such a functional is an important problem which deserves serious effort at solution.
There have been several attempts in literature [9,13,17,26] at construction of decoherence
functional in various situations and at obtaining some general results about decoherence
functionals [27,28]. These, however, do not appear to be adequate to solve the above men-
tioned problem.
Even in the absence of such an expression, we have shown in this work that a straightfor-
ward definition of symmetry can be given (which can be easily adapted to situations when a
concrete expression for dp,V is available) which leads to some interesting results. An example
of such a result obtained without a concrete decoherence functional is the formulation of
a general criterion for physical equivalence of histories which covers the various notions of
physical equivalence of histories considered by Gell-Mann and Hartle [7] as special cases (sec-
tion VI). Examples of the results obtained using concrete decoherence functionals appeared
in sections IV, V, VII and VIII.
Our treatment of quasitemporal structure for histories relating to dynamics of (closed)
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systems in curved spacetime is, although essentially along the lines of Isham [10] (in the
sense that it employs a partial semigroup structure defined in terms of light cones), differs
from it substantially in detail. Our definition [Eq. (89)] of temporal order differs from that
of Isham [Eq. (14)] to achieve consistency with the conventions of [14]. [See Eq. (10)]. More
importantly, our basic regions are spacelike regions with dimensionality less than or equal to
three in contrast to Isham’s four-dimensional basic regions. Apart from the relative merits
of the two schemes mentioned in section I, allowing basic regions of all dimensions less than
or equal to three has the advantage that one can, for example, consider histories of systems
involving both fields and particles.
As a bonus, this generality has made it possible to obtain the interesting result (in sec-
tion IX) that a symmetry of a history theory relating to dynamics of systems (particles,
fields, . . . ) in general curved spacetimes must have associated with it a transformation of
the spacetime M which is a conformal isometry of the underlying spacetime metric. In-
deed all fundamental symmetries in various domains of physics - nonrelativistic/relativistic,
classical/quantum, particle/field/string dynamics - satisfy this condition. It is, indeed, very
satisfying that such a result should appear at the present level of generality.
In a relatively limited context, a theorem of this type is the generalized Wigner theorem
discussed in section IIIA; it was obtained in Houtappel et al. [1] using the Π-functions. It
should be noted that this theorem characterizes the general symmetries in nonrelativistic
quantum mechanics much more comprehensively than the traditional Wigner theorem does.
Before closing, we would like to stress upon an aspect of the histories-based theories
which is not adequately appreciated in the literature. This relates to the fact that these are
theories formulated in terms of the primitive elements of physical theory. Doing a little more
systematic job of identifying these primitive elements than was done in [1], we propose these
elements to be: (1) observations/observables, (2) evolution of systems, and (3) conditional
predictions about systems. These are essentially the ingredients that go into the construction
of histories. This aspect makes histories potentially useful in any domain of scientific study
where physics is involved at the fundamental level - the problem of scientific explanation of
47
consciousness [29–31]. As an example of a work referring histories in such a context, see [32].
It is also worth mentioning here that, whereas the histories employed in the literature during
the past one and a half decade refer to closed systems (for example, the universe), this was
not the case for the Π-functions employed in [1] where all measurements referred to external
observers. It follows that the restriction to closed systems is not an absolute requirement
for viable history-based theories. This fact is of special significance in connection with the
problem of consciousness where the systems of interest - the brain, the nervous system, the
animal body - are by no means closed systems.
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APPENDIX A: PROOF OF THE COMMUTATION OF K(., .) WITH A.
We give here the proof, needed in section VIII, of the commutation of the evolution map
K(, ) with the infinitesimal generator A of the symmetry operation.
Eq. (35), along with the invariance condition (38) implies
V (τ ′2, τ
′
1) ◦ Φ2τ1 = Φ2τ2 ◦ V (τ2, τ1). (1)
Since all the Uτ ’s have been assumed isomorphic, we have Φ2τ1 = Φ2τ2 . The action of the
maps Φ2τ and V (τ2, τ1) on a projector P is given, in terms of the objects U(λ) and K(τ2, τ1),
introduced in section VIII, by
Φ2τ (P ) = U(λ)PU(λ)
†, (2)
V (τ2, τ1)(P ) = K(τ2, τ1)PK(τ2, τ1)
†. (3)
Applying the mappings appearing on the two sides of Eq. (1) to the projector P = |ψ〉〈ψ|,
we get
|ψ1〉〈ψ1| = |ψ2〉〈ψ2| (4)
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where
|ψ1〉 = K(τ
′
2, τ
′
1)U(λ)|ψ〉, |ψ2〉 = U(λ)K(τ2, τ1)|ψ〉.
Putting 〈ψ2|ψ1〉 = a (note that ‘a’ is a function of |ψ〉 and some other quantities), Eq. (4)
gives
|ψ1〉 = a|ψ2〉 = |a|
2|ψ1〉 (5)
which gives |a| = 1. The first relation in (5) gives
K(τ ′2, τ
′
1)U(λ)|ψ〉 = aU(λ)K(τ2, τ1)|ψ〉. (6)
Taking, for an infinitesimal transformation, U(λ) = I + λA, Eq. (6) gives the relations
K(τ ′2, τ
′
1)|ψ〉 = aK(τ2, τ1)|ψ〉, (7)
K(τ ′2, τ
′
1)A|ψ〉 = aAK(τ2, τ1)|ψ〉 (8)
which, in turn, give
K(τ ′2, τ
′
1)A|ψ〉 = AK(τ
′
2, τ
′
1)|ψ〉. (9)
Since |ψ〉 is arbitrary, this gives the desired relation
K(τ ′2, τ
′
1)A = AK(τ
′
2, τ
′
1). (10)
APPENDIX B: CONSTRUCTION OF TOPOLOGY FOR THE SPACE OF
TEMPORAL SUPPORTS CONSTRUCTED IN SECTION IX
First we recall some definitions and results about topological spaces [33]. We shall
assume that the reader is familiar with the definition of topology in terms of open sets,
neighborhoods and the concept of continuity of mappings between topological spaces.
Let (X,O) be a topological space (which means that X is a nonempty set and O is the
family of open subsets of X). A family B of subsets of X is a base for the topology O if,
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for each point x of X and each neighborhood V of x, there is a member W of B such that
x ∈ W ⊂ V . If B is a subfamily of O , it is a base for O if and only if each member of O is
a union of members of B.
A family S of subsets of X is a subbase for the topology O if the family of finite inter-
sections of members of S is a base for O (equivalently, if each member of O is the union of
finite intersections of members of S). Every nonempty family S of subsets of a nonempty
set X is a subbase for some topology on X . This topology is uniquely defined by S and
every member of S is an open set in the topology determined by S.
A mapping f of a topological space X into a topological space Y is continuous if and
only if the inverse image under f of every member of subbase for the topology on Y is an
open set in X .
We shall construct a topology for T by choosing a family of subsets of T as a subbase.
Given an element ξ of T as in Eq. (92) with nuclear temporal supports τi of the form [see
Eq. (90)]
τi = {B
i
1, B
i
2, . . . } (1)
we introduce the collections (families of subsets of M)
N(τi) = {N1(B
i
1), N2(B
i
2), . . . } (2)
where Nj(B
i
k) is an open neighborhood of the basic region B
i
k in the manifold topology of
M ; we also introduce the collection
N˜(ξ) = {. . . , N1(τ1), N2(τ2), . . . } (3)
where each entry on the right is a collection of the form of Eq. (2). Finally, we consider the
family F of collections of the form (3) for all the elements of T :
F = {N˜(ξ); ξ ∈ T }. (4)
We give a topology to the space T by stipulating that F be a subbase of that topology.
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To show that, with this topology, T is a partial semigroup, we must show that the
composition rule in T represented by an equation of the form ξ ◦ η = ζ is a continuous
mapping of (a subset of) the Cartesian product T × T into T . To show this, it is adequate
to show that the inverse image of any member of a subbase in the image space T is an open
set in the product topology of T × T . This is easily verified by making use of the definition
of the composition rule in Eq. (93), the construction of the topology for T above and the
definition of the product topology.
Since points of M are basic regions and, therefore, (nuclear) elements of T , M can be
considered as a subset of T . We shall now show that the subspace topology of M induced
by the topology of T constructed above coincides with the manifold topology of M .
Open sets of M in the subspace topology are the intersections of open sets of T with
M . Consider first the family FM consisting of intersections of the members of the family F
with M . The members of FM are subsets of M which are open neighborhoods of points of
M in the manifold topology. These are also open subsets of M in the subspace topology.
Now, recalling the set theoretic relations
(A ∩ B) ∩M = (A ∩M) ∩ (B ∩M)
(∪iBi) ∩M = ∪i (Bi ∩M)
we see that the family FM constitutes a subbase for the subspace topology ofM . It is clearly
also a subbase for the manifold topology of M . It follows that the subspace topology of M
coincides with its manifold topology. The choices in the initial steps in the construction of
the topology for T above [see Eq. (2) above] were made precisely to ensure this.
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